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Abstract：While wearable electronics are rapidly developing nowdays, it is greatly limited by the 
power solutions. Flexible piezoelectric energy harvester presents advantages of high energy density, 
compact architecture, and easy integration with MEMS, which provides an attractive prospect to 
power these next generation electronics. Since the flexible devices are usually devised with wavy, 
island-bridge, and precisely controlled buckling structures, the doubly clamped beam structure for 
energy harvesting application is analytically studied in this paper. Combine with Euler-Bernoulli 
beam theory and separation variable method, the analytical expression for output voltage is derived. 
By conducting the analytical simulation, it is found that the output power is related with the 
geometry dimensions, external excitation and load resistances. For further validation, experiment is 
systematically studied. By connecting the standard rectifier electric circuit with the energy 
harvesting device, it is found that a 0.1uF capacitor can be fully charged in 0.15 s, and the charged 
output voltage is about 2.5 Volt, which are successfully used for powering LED s. 
 
1 Introduction 
 
Since flexible energy harvester provides a prospective solution for powering wearable electronics, 
remote and mobile environment sensors, and implantable biomedical devices, it has gained more 
and more attentions during the last decade for advantages of light weight, high flexibility and facile 
fabrication process. There are several sources that can be converted to electric power, which include 
mechanical vibration energy, thermal energy and solar energy. Regarding with the mechanical 
energy conversion process, piezoelectric, triboelectric, electromagnetic and electrostatic energy 
transducing mechanisms are intensively discussed. Among them, the flexible piezoelectric energy 
harvester is usually the potential choice for researchers because of its high energy density, compact 
architecture, straightforward micromachining process and easy integration with MEMS.  
 
In current researches，the cantilever beam with a tip mass is the typical structure for energy 
harvesting since it can bear large deformation with a lower excited frequency comparing with other 
geometry structures. However, for flexible energy harvesting device, they are usually fabricated 
with wavy, island-bridge, and precisely controlled buckling structures to improve the flexibility and 
stretchability. Therefore, the doubly clamped beam model rather than the cantilever beam structure 
is selected for analyzing the flexible piezoelectric energy harvester. In 2013, Pillatsch[1] presented 
a passively self-tuning mechanism of a clamped-clamped beam for wideband energy harvesting 
utilizing the sliding proof mass. In 2014, Liang[2] connected the doubly clamped beam with 
rectangular frame to further reduce the resonant frequency using asymmetrical proof mass and 
supporting mass. In their works, the reduced resonant frequency is 150 Hz and 165 Hz with output 
power of 0.992mW and 0.844 mW respectively. Zheng conducted an experimental analysis of the 
 PVDF doubly clamped beam energy harvester and found that its output power is almost twice as 
large as that of the sandwich beam with vibration frequency being ranged from 1 to 30 Hz at an 
acceleration of 0.1g[3]. Kashyap[4] derived an analytical model for the doubly clamped unimorph 
segmented piezoelectric energy harvester with Euler-Bernoulli beam assumptions. In 2016, Emad[5] 
utilized the stretch strain of the doubly clamped beam structures to harness the ambient vibration 
energy, in which the geometry structure only composed of piezoelectric material without the elastic 
substrate. In their simulation results, it showed highly nonlinear phenomena with an output of 4μW 
from vibration of 0.5g at 70 Hz. In 2018, Damya[6] fabricated a miniature piezoelectric doubly 
clamped energy harvester with proof mass loading at beams center using MEMS technology, which 
can output voltage of 4 V and power of 80μW for wireless sensor nodes. Zhou[7] characterized the 
length effects of piezoelectric layer on the output performance of doubly clamped beam energy 
harvester under random excitation.  
 
In above studies, the reason for researchers focusing on the doubly clamped energy harvester is 
because more uniform stress distribution is expected in the clamped-clamped structure comparing 
with cantilever beam. In order to lower the working frequency, proof masses are attached in all 
above works. However, the alternative way to reduce the resonant frequency is to utilize the plastic 
substrate. In this paper, a doubly clamped beam energy harvester with flexible plastic substrate 
without proof mass is devised. In order to further validate the efficiency, a standard rectifier circuit 
is connected to power light emitting diodes(LED). 
 
In the paper, the structure is outlined as follows: the analytical model of doubly clamped energy 
harvester is put forward in section 2. In Section 3 , simulation and experimental results are provided 
to prove the validity of the analytical method. The conclusion remarks are finally made in the section 
4. 
 
2 Doubly clamped energy harvester model 
 
The schematic figure of the doubly clamped piezoelectric energy harvester is shown as figure 1(a), 
where one end of the beam is fixed to the frame, and the other end is clamped and excited with 
applied external force ( )tx,P  along the x-coordinate direction. The harvester is composed of 
PVDF piezoelectric layer and PVC flexible substrate. The initial length of the energy harvester is L. 
When it works, it will be compressed periodically. The corresponding deflection of arbitrary point 
in the piezoelectric layer is denoted as ( )tx,w . Electrodes are set at the top and bottom surfaces of 
PVDF material.  
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Figure 1 (a) Schematic figure to show the working mechanism of the flexible doubly clamped beam 
(a) (b) 
 energy harvester (b)Bending deformation map of finite element in piezoelectric layer 
 
If the doubly clamped beam deformation conforms to the Euler-Bernoulli beam theory, the finite 
element deformation map of the piezoelectric layer is shown as figure 1 (b). According to the 
equilibrium equation in transverse direction, formula (1) can be deduced. 
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In equation (1), ρ is the mass density per unit length, ( )xA  is the cross-section area, V denotes 
the shear force, and θ is the rotation angle.  
 
Similarly, according to the moment equilibrium status, equation (2) is deduced as follows, 
( ) ( ) 0MdxdVV-dMM =−++    (2) 
From the relationship between rotation angle and transverse deflection, equation (3) is formulated 
as, 
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Combining equations (1)-(3) and ignore the higher order items, it is then derived as equation (4),  
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Where ( )comEI  denotes the equivalent bending stiffness of the composite beam. It is expressed as 
(5), 
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Where Ec, tc, wc are Young’s modulus, thickness and width of substrate respectively. 
If utilizing the separation variable method, the transverse displacement ( )tx,w  can be assumed as 
(6), 
( ) ( )( )tt BsinωAcosωxWtx,w +=     (6) 
By substituting equation (6) into (4), the following equation is obtained, 
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Then the general form of solution to equation (7) is derived as (8), 
( ) cosh sinh cos sinW x A sx B sx C sx D sx= + + +      (8) 
 In equation (8), A, B, C and D are constants. Combining with boundary conditions of the doubly 
clamped beam energy harvester, sinh sin 0sl sl =  , the mode shape function is derived as 
(9), 
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And the nature frequency is calculated as equation (10), 
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In order to solve the forced vibration of doubly clamped beams, separation variable method is 
utilized as equation (11), 
( ) ( ) ( )

=
=
1n
nn tqxWtx,w             (11) 
Where ( )xWn   denotes the mode shape at nth natural frequency, and ( )tqn   represents the 
corresponding generalized coordinate. 
If (11) is substituted into equation (4), then (4) can be rewritten as (12), 
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Through integrating above equation from 0 to 1, it can be simplified into the following form with 
orthogonality conditions. 
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Then the solution to equation (13) is obtained as (14). 
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In (14), the first two terms represent the vibration state under transient conditions, and the third term 
represents the vibration state under steady state. Therefore, when solving the dynamic model, 
equation (14) can be simplified to (15). 
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Combining equations (9) and (15), the deflection can be derived as (16),  
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 Then the stress of an arbitrary point on the beam can be expressed as (17), 
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Where Ep is the elastic modulus of piezoelectric material. 
Substituting the formula (16) into (17), the deflection can be rewritten as (18), 
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Because the piezoelectric vibrator is operating at low frequency, it suggests that 0n ωω  . Then 
(18) can be rearranged as (19), 
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Substituting the above formula into the piezoelectric constitutive equation 
3 31 1 33 3
TD d T E= + , 
the electric displacement is obtained as (20), 
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By integrating (20) across the electrode surface area, the generated charge can be deduced as (21), 
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Where y' represents the distance from an arbitrary point to the neutral plane, l and lp are lengths of 
the substrate and piezoelectric material respectively. a is the distance from the piezoelectric material 
to the length boundary. wp denotes the width of piezoelectric layer.   
Then current formula can be derived by integration of (21) with respect to time. 
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= , and tp is the thickness of piezoelectric layer. 
Combining equation (21) and (22), the induced potential can be obtained as (23), 
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Since high-order vibration modes hardly impact the induced voltage, for the convenience of 
calculation, only the fundamental mode term is considered in the output equation. Then (23) is 
rewritten as (24), 
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From equation (25), it can be deduced that the output potential is determined by the geometry 
dimensions, external excited force and load resistance.  
 
3. Simulation and Experiment results 
 
In order to prove the feasibility of the model, both analytical analysis and experimental 
characterization are conducted. Table 1 shows the parameters of the doubly clamped energy 
harvester. Assuming that the externally applied load F0 is 3N, and the excited frequency is  30 Hz. 
From equation (24), the varying trend of deduced output voltage and output power versus time are 
shown as figure 2(a) and (b) respectively, where the connected load resistance is 5MΩ. In the 
simulation results, the amplitude of output voltage is around 3.67 Volt, and the instantaneous power 
output is 2.7 μWatt. 
Table 1 parameters for the doubly clamped energy harvester 
l lp a wc wp tc 
30 mm 20 mm 5 mm 10 mm 10 mm 3 mm 
tp Ec Ep d31 ε33  
2 mm 2900 MPa 3900 MPa 21 pc/N 12 F/m  
 
 
Figure 2 Simulation results of output voltage and power by utilizing the analytical model 
 
For further study of doubly clamped energy harvester model, the prototype has been fabricated. 
Figure 3(a) shows the experiment setup which include devices of the computer interface, signal 
generator (AFG3021C), power amplifier, vibrating shaker(Modal 50A Vibration Exciter), standard 
AC-DC rectifier circuit and the data acquisition card. Figure 3(b) is the enlarged view of the 
prototype. 
     
Figure 3 (a) Experimental setup, in which ○1  is the computer,○2  is the signal generator, ○3  is 
power amplifier, ○4  is vibrating shaker, ○5  is the doubly clamped energy harver, ○6  is the AC-DC 
rectifier circuit and ○8  is data acquisition card; (b) is the enlarged view of the energy harvesting 
device. 
 
From figure 3(b), it is observed that the flexible energy harvester is doubly clamped. When the 
shaker is excited by the signal generator, it will move one end of the device sinusoidally along the 
axial direction, while the other end is kept fixed. Since both the piezoelectric patch and the substrate 
are both polymers, the device is easily deformed into curve structure. As the piezoelectric layer is 
strained, the mechanical energy will be converted into electric energy through the direct 
piezoelectric effect. Figure 4 shows the result of the output voltage that have been captured by the 
data acquisition card. From the results, it shows that the amplitude of the output voltage is around 3 
Volt, and the resonant frequency is 30 Hz, which agrees well with the analytical results. 
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 Figure 4 Waveform captured by the data acquisition card  
 
Figure 5(a) shows the varying trend of output voltage with respect to the excited frequency.  As 
the excited frequency is changed from 0.5 Hz to 100 Hz with a load resistance of 3 MΩ, the output 
voltage is increased rapidly in range (0.5Hz, 30Hz). When it climbed up to 30Hz, the reached the 
maximum output of 2.35Volt. When it continued increasing the excited frequency, the induced 
voltage will be decreased. The same varying trend is observed when external load resistance is 
changed to be 4 MΩ and 5 MΩ. Figure 5(b) depicts the relationship between output power and 
external load resistance. From the trendline, a peak value of 4.8 μW is found, where the optimum 
load resistance of 3 MΩ is determined. 
 
  
  
Figure 5 (a) DC Output voltage versus frequency; (b) output power versus load resistance; and (c) 
output voltage in the charging process through standard rectifier electric circuit ; and (d) applications 
of the energy harvester to power LEDs. 
 
Although the output voltage across the electrodes are alternative signals, it can be rectified into DC 
signal through the standard bridge circuit. Figure 5(c) represents charging process of capacitor by 
the flexible energy harvester under different excitation frequency, where the capacitance is 0.1uF. 
From the results, it is observed that the capacitor can be fully charged in 0.15s, and the charging 
speed is independent with the excited frequency. Since the rectified output voltage in the standard 
AC-DC circuit is about 2.5 Volt, it can be utilized to power electronics. Figure 5(d) shows the 
possibility of the flexible doubly clamped energy harvester to power LEDs, which can make the 
flexible doubly clamped energy harvester present more attractive prospects in the future. 
 
4. Conclusion 
 
In the paper, the analytical model of the flexible energy harvester is provided based on the Euler-
Beam theory and separation variable method. In order to prove the feasibility of the model, both 
simulation and experimental analysis are provided. Through comparison, the simulation results of 
3.67 Volt and instantaneous power 2.7 μWatt coincides well with experiments. For further study of 
doubly clamped energy harvester model, the authors have also fabricated the prototype. By 
connecting the device with a standard AC-DC rectifier electric circuit, the 0.1uF capacitor can be 
fully charged up to 2.5 Volt in 0.15 s, through which LEDs is lit to show its attractive prospects. 
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